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a b s t r a c t
The spectra of weighted graphs are given attention by some authors because the graphs
in the design of networks and electronic circuits are usually weighted. In this short paper,
we completely determine the spectra of weighted double stars. We also give the weighted
double star that achieves the maximal spectral radius.
© 2011 Published by Elsevier Ltd
1. Introduction
To find the spectrum of a graph is an elementary problem in spectral theory. However, the spectra of weighted graphs
are less studied. There are few results. One in [1] gives the spectrum of weighted star K1,n−1 which is also the maximum
weighted tree on n vertices. Another result in [2] proves that the weighted double star SW
∗
n−3,1 (see Fig. 1) has the second
largest spectral radius of all the weighted trees on n vertices. In this short paper, the spectra of weighted double stars are
completely determined, from which we give the weighted double star that achieves the maximal spectral radius. First we
give some definitions. The terms and symbols not defined here can be found in [2,3].
Let G be a weighted simple graph of order n with weight set W = {wi|wj ≥ wj+1 > 0, j = 1, 2, . . . ,m − 1; i =
1, 2, . . . ,m}. The vertex set of G is labeled as V = {v1, v2, . . . , vn} and edge set E = {e1, e2, . . . , em}. A bijection f : E ←→
W is called the weighted function of G. For convenience, we denote f (vivj) = wij ∈ W for any vivj ∈ E. Let A = (aij)n×n be
the adjacency matrix of G. Theweighted-adjacency matrix of Gwith respect to f is defined by Af (W ) = (aij(W ))n×n, for short
Af sinceW is generally given, where
aij(W ) =

wij if aij = 1
0 if aij = 0.
In this situation, Gf = (V , E,W , f ) is said to be a weighted graph with weighted-adjacency matrix Af . Clearly, G can be
viewed as Gf if wij ≡ 1 for any wij ∈ W . The spectrum of Gf is defined as the spectrum of Af , and the spectral radius of Gf is
denoted by ρ(Af ).
Given G andW , different weighted functions give different weighted-adjacency matrices and so give different weighted
graphs, all of which we call the weighted graphs of G with respect to W , and denote this family by
G(G,W ) = {G(V , E,W , f ) | f : E ←→ W }.
Let F be the set consisting of all the bijections from E toW . Then |G(G,W )| ≤ |F | ≤ m!.
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Fig. 1. The double star S(a, b), maximal weighted double star SW (a, b) and maximum weighted double star SW∗n−3,1 .
Given G andW , let ρ = max{ρ(Gf ) | Gf ∈ G(G,W )}. There exists f ∗ ∈ F such that ρ = ρ(Gf ∗), where Gf ∗ is called the
maximal weighted graph in G(G,W ). GivenW , letG be the given family of the graphs such that, for any G ∈ G, |E(G)| = |W |.
Set
ρmax = max{ρ(Gf ∗) | Gf ∗ is the maximal in G(G,W ), ∀G ∈ G}.
There exists G ∈ G such that ρmax = ρ(Gf ∗max), where Gf ∗max ∈ G(G,W ) is called themaximum weighted graph in G.
A double star is a tree with exactly two vertices whose degree are greater than one which are called the centers of the
double star. Denote by S(a, b) the double star of order n = a+b+2with two central vertices u and v such that |N(u)\v| = a
and |N(v)\u| = b, which is shown in Fig. 1(a). In this short paper, we give the spectra of weighted double stars in Section 2,
and find the maximal and maximum weighted double stars in Section 3.
2. The spectra of weighted double stars
Let Sw(a, b) be the weighted double star with weight set W = {wi|wj ≥ wj+1 > 0, j = 1, 2, . . . , n − 2; i =
1, 2, . . . , n − 1}, which is shown in Fig. 1(b), where its vertices are labeled as v, p1, . . . , pb, q1, . . . , qa, u. Let λ ≠ 0 be an
eigenvalue of Sw(a, b) with respect to an eigenvector y = (yv, yp1 , . . . , ypb , yq1 , . . . , yqa , yu)T , where yu and yv correspond
to centers u and v. Then Af y = λy, which gives according to Fig. 1(b)
λypj = wk1+jyv j = 1, 2, . . . , b
λyqi = wkb+1+iyu i = 1, 2, . . . , a
λyv =

1≤j≤b
wk1+jypj + wk1yu
λyu =

1≤i≤a
wkb+1+iyqi + wk1yv
(1)
wherewk1 , wk2 , . . . , wkn−1 is a permutation ofw1, w2, . . . , wn−1.
Lemma 2.1. Let y = (yv, yp1 , . . . , ypb , yq1 , . . . , yqa , yu)T be an eigenvector of Sw(a, b) corresponding to a non-zero eigenvalue
λ. Then yu ≠ 0 and yv ≠ 0.
Proof. On the contrary suppose that yv = 0. From (1), we have ypj = 0 for j = 1, 2, . . . , b, and sowk1yu = 0. Sincewk1 > 0,
we have yu = 0, which gives yqi = 0 (i = 1, 2, . . . , a) as above. It is a contradiction since y ≠ 0. Similarly yu ≠ 0. 
Lemma 2.2. A weighted double star Sw(a, b) has eigenvalue 0 with multiplicity n− 4, and has only four non-zero eigenvalues.
Proof. It is easy to verify that rank(Af ) = 4. Thus the root space of Af X = 0 has dimension n−4which is exactly the number
of linear independent eigenvectors of Af corresponding to the eigenvalue 0. Hence Af has eigenvalue 0withmultiplicity n−4
since Af is real symmetric. Consequently, Af has four non-zero eigenvalues. 
In the following, we will use the Eq. (1) to solve the non-zero eigenvalues of Sw(a, b). Without loss of generality we may
assume y = (yv, yp1 , . . . , ypb , yq1 , . . . , yqa , yu)T is a unit vector. From the first two equations of (1), we have
λy2pj = wk1+jypjyv, j = 1, 2, . . . , b
λy2qi = wkb+1+iyqiyu, i = 1, 2, . . . , a.
(2)
Multiplying respectively yv and yu to the last two equations of (1), we have
λy2v =

1≤j≤b
wk1+jypjyv + wk1yuyv
λy2u =

1≤i≤a
wkb+1+iyqiyu + wk1yuyv.
(3)
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Put (2) into (3), we have
λy2v = λ

1≤j≤b
y2pj + wk1yuyv
λy2u = λ

1≤i≤a
y2qi + wk1yuyv.
(4)
From (4), y2v − y2u =

1≤j≤b y2pj −

1≤i≤a y2qi . Since y is a unit vector, we have
y2v +

1≤i≤a
y2qi =
1
2
y2u +

1≤j≤b
y2pj =
1
2
.
(5)
Again from (4), we have
2λ(y2u + y2v) = λ+ 2wk1yuyv. (6)
From (1) and (5), we have
λ2y2v + y2u

1≤i≤a
w2kb+1+i =
1
2
λ2
λ2y2u + y2v

1≤j≤b
w2k1+j =
1
2
λ2.
(7)
From (6) and (7), we have
2λ

yu
yv
2
+ 2λ− 2wk1

yu
yv

= 1
y2v
λ
2

1≤i≤a
w2kb+1+i

yu
yv
2
+ 2λ2 = 1
y2v
λ2
2λ2

yu
yv
2
+ 2

1≤j≤b
w2k1+j =
1
y2v
λ2.
(8)
From (8), we have
2λ2

yu
yv
2
+ 2λ2 − 2λwk1
yu
yv
= 2

1≤i≤a
w2kb+1+i

yu
yv
2
+ 2λ2
2λ2

yu
yv
2
+ 2λ2 − 2λwk1
yu
yv
= 2λ2

yu
yv
2
+ 2

1≤j≤b
w2k1+j
which gives that
yu
yv
= λwk1
λ2 − 
1≤i≤a
w2kb+1+i
yu
yv
=
λ2 − 
1≤j≤b
w2k1+j
λwk1
.
(9)
From (9), we have
λ2w2k1 =

λ2 −

1≤i≤a
w2kb+1+i

λ2 −

1≤j≤b
w2k1+j

,
which gives the following
λ4 − λ2

1≤i≤n−1
w2ki +

1≤j≤b
w2k1+j

1≤i≤a
w2kb+1+i = 0. (10)
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Set s1 =1≤i≤n−1w2ki , s2 =1≤j≤bw2k1+j and s3 =1≤i≤aw2kb+1+i . We have
λ2 =
s1 ±

s21 − 4s2s3
2
, (11)
λ1 =
 s1 +s21 − 4s2s3
2
λn = −
 s1 +s21 − 4s2s3
2

λ2 =
 s1 −s21 − 4s2s3
2
λn−1 = −
 s1 −s21 − 4s2s3
2
.
By Lemma 2.2, we give our main result.
Theorem 2.3. Let Sw(a, b) be the weighted double star, then its spectrum is
Spec(Sw(a, b)) =

λ1 λ2 0 λn−1 λn
1 1 n− 4 1 1

.
If wi ≡ 1, then Sw(a, b) is the general double star S(a, b). We have s1 = n − 1, s2 = a and s3 = b. By Theorem 2.3 the
spectrum of S(a, b) is as following: Set
λ˜1 =

(n− 1)+(n− 1)2 − 4ab
2
λ˜n = −

(n− 1)+(n− 1)2 − 4ab
2

λ˜2 =

(n− 1)−(n− 1)2 − 4ab
2
λ˜n−1 = −

(n− 1)−(n− 1)2 − 4ab
2
.
Corollary 2.4. Let S(a, b) be the double star, then its spectrum is
Spec(S(a, b)) =

λ˜1 λ˜2 0 λ˜n−1 λ˜n
1 1 n− 4 1 1

.
3. Maximal weighted double star
Let Sw(a, b) be a weighted double star with weighted-adjacency matrix Af . First we give some lemmas.
Lemma 3.1. Let a+b+2 = n, where a ≤ b are positive integers. Given set W = {wi|wj ≥ wj+1 > 0, j = 1, 2, . . . , n−2; i =
1, 2, . . . , n− 1}, let P,Q ⊆ W and denote S(P) =wi∈P w2i and S(Q ) =wi∈Q w2i . Then
min
1≤i≤n−1{S(Pi)S(Qi) | Pi ∪ Qi = W \ {wi} and |Pi| = b|Qi| = a} =
b+1
k=2
w2k
n−1
k=b+2
w2k .
Proof. Let x and z be the positive real number satisfying x + z = c . It is well known that the product xz achieves its
minimum value at min xz = x0z0, where |x0 − z0| = max |x− z| and x0 + z0 = c . Similarly, xz achieves its maximum value
at max xz = x∗z∗, where |x∗ − z∗| = min |x− z| and x∗ + z∗ = c.
Given wi ∈ W , Pi ∪ Qi is a partition of W \ {wi}, and so S(Pi) + S(Qi) = 1≤j≠i≤n−1w2j is a constant. We take S(Pi) as
large as possible and take S(Qi) as small as possible, and then we get the minimum value of S(Pi)S(Qi) below
min S(Pi)S(Qi) =


1≤k≠i≤b+1
w2k

b+2≤l≤n−1
w2l , if 1 ≤ i ≤ b+ 1
1≤k≤b
w2k

b+1≤l≠i≤n−1
w2l , if b+ 2 ≤ i ≤ n− 1.
Let di+1 = min S(Pi+1)S(Qi+1)−min S(Pi)S(Qi), where 1 ≤ i ≤ n− 2, then
di+1 =


w2i − w2i+1
  
b+2≤l≤n−1
w2l

≥ 0, if 1 ≤ i ≤ b

w2i − w2i+1
  
1≤k≤b
w2k

≥ 0, if b+ 1 ≤ i ≤ n− 2.
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Fig. 2. The maximal weighted double star SW (2, 3) and the minimal weighted double stars Sw1 (2, 3) and S
w
2 (2, 3).
Thus, min S(Pn−1)S(Qn−1) ≥ min S(Pn−2)S(Qn−2) ≥ · · · ≥ min S(P1)S(Q1). It follows that S(P1)S(Q1) = Σb+1k=2w2kΣn−1k=b+2w2k
is required.
Similarly, we know that max1≤i≤n−1 S(Pi)S(Pi) = S(Pi∗)S(Qi∗), where |S(Pi∗)− S(Qi∗)| = min |S(Pn−1)− S(Qn−1)|. 
Let SW (a, b) be the maximal weighted double star with weighted-adjacency matrix AW . Now we can determine the
maximal weighted doubles.
Theorem 3.2. Let SW (a, b) be the maximal weighted double star, then themaximal spectral radius is attained if the weights were
put as in the Fig. 1 (b).
Proof. By Lemma 3.1 and (11) we have that the maximal radius is attained if s2s3 =b+1k=2 w2k n−1k=b+2w2k . 
By the way, we point out that setting s2 =n−2i=2 w2i and s3 = w2n−1 can induce the maximumweighted double stars, which
is also the second greatest on n vertices weighted trees. This result was first obtained by Shu Jinlong in [2].
Corollary 3.3 ([2]). Let Twn be any weighted tree of order n with weight w1 ≥ w2 ≥ · · · ≥ wn−1 > 0; and Twn ≁= Kw1,n−1. Then
ρ(Twn ) ≤ SW∗n−3,1.
At last, as an example we give maximal and minimal double stars S(2, 3) with weight set W = {√6, 2, 2,√3,√2, 1}
in Fig. 2. We know that SW (2, 3) is maximal and it has the maximal spectral radius ρ(SW (2, 3)) = 4.2644 by Theorems 2.3
and 3.2. By averaging P6 and Q6 in Lemma 3.1, we get two minimal weighted double stars: Sw1 (2, 3), where P6 = 9 and
Q6 = 10, and Sw2 (2, 3), where P6 = 10 and Q6 = 9. By Lemma 3.1 and Theorem 2.3, the minimal spectral radius
ρ(Sw1 (2, 3)) = ρ(Sw2 (2, 3)) = 3.6280, which shows that the minimal weighted double stars are not unique.
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